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Abstract

The climate of a planet can be strongly affected by its eccentricity due to variations in the stellar flux. There are two
limits for the dependence of the inner habitable zone boundary (IHZ) on eccentricity: (1) the mean stellar flux
approximation (Syyz < /1 — €?), in which the temperature is approximately constant throughout the orbit, and (2)
the maximum stellar flux approximation (Sygz o< (1 — e)z), in which the temperature adjusts instantaneously to the
stellar flux. Which limit is appropriate is determined by the dimensionless parameter I = %, where C is the heat

capacity of the planet, P is the orbital period, and B = ?—STZ, where (2 is the outgoing long-wave radiation and 7 is
the surface temperature. We use the Buckingham II theorem to derive an analytical function for the IHZ in terms of
eccentricity and II. We then build a time-dependent energy balance model to resolve the surface temperature
evolution and constrain our analytical result. We find that II must be greater than about ~1 for the mean stellar flux
approximation to be nearly exact and less than about ~0.01 for the maximum stellar flux approximation to be
nearly exact. In addition to assuming a constant heat capacity, we also consider the effective heat capacity
including latent heat (evaporation and precipitation). We find that for planets with an Earthlike ocean, the IHZ
should follow the mean stellar flux limit for all eccentricities. This work will aid in the prioritization of potentially
habitable exoplanets with nonzero eccentricity for follow-up characterization.
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1. Introduction

More than 5000 exoplanets have been confirmed to date.*
Prioritization of potentially habitable targets is being carried
out using the habitable zone (HZ) concept (The LUVOIR Team
2019; Gaudi et al. 2020; National Academies of Sciences,
Engineering, and Medicine 2021; Hinkel et al. 2021). The HZ
is usually defined as the region around a central star in which
an Earthlike planet can potentially have liquid water on its
surface (Kasting et al. 1993). The inner edge of the HZ (IHZ) is
determined by the moist greenhouse (or water-loss) limit,
where the water vapor content in the stratosphere increases
dramatically and then is irreversibly lost to space as a result of
photolysis and subsequent hydrogen escape, or by the runaway
greenhouse limit, where the atmosphere becomes optically thick
with water vapor, limiting the amount of thermal radiation that
can be emitted to space, and the oceans evaporate completely
(Kasting et al. 1993). The HZ developed under the assumption of
a circular orbit is determined by only one parameter: the effective
stellar flux. This study aims to determine a simple approximation
of the IHZ for eccentric planets involving the eccentricity and
any other necessary parameters.

Exoplanet eccentricity can span a considerable range (Figure 1).
Eccentricity has been shown to significantly affect seasonal
cycles and limits of habitability using climate models of varying
complexity (Williams & Pollard 2002; Dressing et al. 2010;
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Spiegel et al. 2010; Kadoya et al. 2012; Kane & Gelino 2012;
Linsenmeier et al. 2015; Méndez & Rivera-Valentin 2017; Way &
Georgakarakos 2017; Ohno & Zhang 2019; Guendelman &
Kaspi 2020; Kane et al. 2021). The heat capacity of the land,
oceans, and atmosphere creates thermal inertia in the climate
system. Due to this climate inertia, planets can remain habitable
even when their instantaneous stellar flux exceeds the critical IHZ
value for circular orbits (Williams & Pollard 2002; Palubski et al.
2020). However, both Williams & Pollard (2002) and Palubski
et al. (2020) considered an Earthlike climate system with a high
heat capacity, equivalent to a ~50 m column of water. We will
show that the behaviors are different for planets with lower heat
capacities, and develop a theory for the IHZ involving both
eccentricity and a nondimensional parameter proportional to the
heat capacity.

In this paper we consider the effect of eccentricity on the
IHZ using theory and a global mean energy balance model
(EBM). We first use the Buckingham II theorem and a
consideration of physical limits to derive a theoretical function
describing the IHZ as a function of stellar flux, eccentricity,
heat capacity, orbital period, and the sensitivity of outgoing
long-wave radiation to space to surface temperature
(Section 2). We then constrain the parameters of this function
using numerical integration of the EBM and explore the
implications of our results in Section 3. We discuss our results
in Section 4 and conclude in Section 5.

2. Theory
2.1. Applying Buckingham I1

We seek the IHZ for an orbit of arbitrary eccentricity. We
will specify the IHZ using the stellar flux at the semimajor axis
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Figure 1. Stellar flux and eccentricity of observed exoplanets with masses
M < 8M, (NASA Exoplanet Science Institute 2020). S,, is the stellar flux at the
semimajor axis of the orbit and §* is the stellar flux of the IHZ for a circular
orbit, for which we use the moist greenhouse limit from Kopparapu et al.
(2013). The thick solid black curve represents the mean stellar flux limit on the
IHZ. If S, /S™ is above this curve a planet is not habitable (Not Habitable). The
dashed black curve represents the maximum stellar flux limit on the IHZ. If S,/
S is lower than this limit, a planet will not experience a moist or runaway
greenhouse (Safe from IHZ). For planets in the region in between the limits
(Uncertain Zone), climate calculations involving the time evolution of the
surface temperature are necessary to determine planetary habitability. The
horizontal bars represent the uncertainties of the observed eccentricities.

of the orbit, S, where the superscript x means that the orbit
reaches the IHZ. This clearly depends on the eccentricity, e, as
well as the critical stellar flux of the IHZ for a circular orbit, S™.
We also expect it to depend on variations in surface
temperature throughout the orbit, since larger variations in
surface temperature make a planet more likely to pass out of the
HZ. Variations in surface temperature should clearly be
influenced by the heat capacity, C, and the orbital period, P.
Additionally they should be influenced by how efficiently
radiation to space can dampen variations in surface temper-
ature, which is defined by the parameter B = %, where () is

the outgoing long-wave radiation to space of the xplanet and T
is the surface temperature. We will approximate B as a constant
in this theory section, which is a good approximation over the
entire range of temperatures experienced by the modern Earth
due to the water vapor feedback (Koll & Cronin 2018) and is
sufficient for our theoretical investigations. We will also take
the planetary albedo, «, to be constant throughout the orbit for
simplicity.

We therefore have six physical parameters (S,, S, e, C, P,
and B = %) and three dimensions (mass, time, and temper-
ature). Accf)rding to the Buckingham II theorem (Bucking-
ham 1914) we can construct a set of three dimensionless
parameters to describe the system, and we choose

*
IT :S—a,
S*
IL =e,
H:i_ (1)

BP
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As a result we can specify the stellar flux of the IHZ as follows

*

S F (e, II), 2)

L =
where F' is a function to be determined.

2.2. Applying Physical Constraints

We can now use physical reasoning to constrain the function
F (e, II). Consider the two limits where the heat capacity is
either infinite or negligible:

(a) Mean stellar flux limit: As the heat capacity approaches
infinity, which corresponds to an infinite II, the amplitude of
surface temperature oscillations will be negligible. The system
will therefore remain in the equilibrium state corresponding to
the time-averaged energy input apd the THZ will correspond to
the orbital mean stellar flux (—(—=) exceeding the the critical

1—
stellar flux of the IHZ for a circulear orbit (S*), or

Sa 2
= 1 —e”, 3)
If S,/S™ is higher than the mean stellar flux limit, the planet
cannot be habitable.

(b) Maximum stellar flux limit: If the effective heat
capacity is negligible (I — 0), the surface temperature and
therefore the outgoing long-wave radiation will adjust
instantaneously to balance the evolving stellar flux. In this
work we will adopt the conservative assumption that the
planet is no longer habitable if its maximum surface
temperature exceeds the critical circular-IHZ value. Further
work would be needed to study the possibility of planets
exceeding the critical temperature for some time during their
orbit but remaining habitable. We can therefore determine
S, by setting the stellar flux at periastron equal to the critical
stellar flux threshold:

i—{ =(-e “)

This limit is calculated by assuming the largest possible
variation in surface temperature, so if S,/S* is lower than this
limit, the planet cannot trigger the moist or runaway
greenhouse.

2.3. Ansatz for Function

According to the two IHZ limits outlined in Section 2.2, we
make the following ansatz for the form of the function
F (e, II):

% —(—eP+1—e —(1—ePgD, (5

where

lim ¢(IT) = 0,
11—0
lim g(IT) = 1. (6)
MT—oo
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As we expect II to vary over many orders of magnitude, an
appropriate ansatz for g(II) yields

S0 (1—e?+ W l—e—(1-¢e?

st
log(—n>
1 1Ty
x —| 1 + tanh| ———= ||, 7
2 A ™

where Il is the location of the transition between the two limits
and A is the width of the transition in log space. We will use
numerical integrations to investigate this ansatz and constrain
11y~ 0.4 and A ~ 0.6 in what follows.

3. Numerical Results
3.1. Energy Balance Model

We use a time-dependent global mean EBM that describes
changes in the global mean surface temperature (7;) forced by
periodic variation in incident stellar flux. Considering the energy
budget of the planet, any change in the internal energy of the
climate system must balance net heating, which is the difference
between the net influx of stellar radiation and the outflow of
planetary long-wave radiation from the top of the atmosphere,

c. 45 _ 1 - o)
dt 4

where T, is the surface temperature and S(e, f) is the
instantaneous stellar radiation flux at the top of the atmosphere.
We assume negligible geothermal heating.

The stellar flux can be scaled with S, as

_ &aé S@ _ Sa
Ste,n = ( )rz(e, 1) B ri(e, t) ’ ©)

L a?

S(e, 1) — QUTy), (®)

where L, and L are the luminosity of the host star and the
Sun, respectively; a and ag are the semimajor axes of the
exoplanet and Earth, respectively; S. is the solar constant,
which is the average stellar flux that Earth receives; and r(¢) is
the time-dependent distance from the planet to the star
normalized by the semimajor axis, which is a dimensionless
quantity that is only dependent on eccentricity and the true
anomaly. We calculate r(7) by solving Kepler’s equation.

The criterion for the IHZ is usually defined as the critical
stellar flux that can trigger the moist or runaway greenhouse
(we will refer to either of these as the extreme climate state). It
is obtained using the outgoing long-wave radiation and the
albedo corresponding to the extreme climate state to calculate
the effective stellar flux that can maintain it (Kopparapu et al.
2013). We denote the critical outgoing long-wave radiation
associated with the moist or runaway greenhouse as Q*(T%)
where T* is the critical temperature. We assume the outgoing
long-wave radiation and albedo adjust instantaneously with
surface temperature, and define the IHZ as the orbit where the
maximum surface temperature of a planet (over an annual
cycle) is equal to T°. §* is the critical stellar flux that balances
the critical outgoing long-wave radiation,

4
S*r=——0OXNT), (10)
1 — a(T)

or equivalently, the stellar flux of the IHZ for a circular orbit.
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We integrate the EBM (Equation (8)) to obtain the surface
temperature time series and adjust S, to make the maximum
surface temperature during an orbit equal to the critical
temperature to determine the IHZ (at which a moist greenhouse
or runaway greenhouse occurs). For our numerical integrations
we use the outgoing long-wave radiation (€2(7y)) and albedo
(a(Ty)) functions calculated by Kopparapu et al. (2013)
assuming a saturated radiative-convective atmosphere. We also
choose the moist greenhouse limit from Kopparapu et al.
(2013), of which the critical temperature is 340 K and the
critical stellar flux is $* = 1.015S,. This allows us to confirm
that Equation (7) fits the data well and to constrain II, to be 0.4
and A to be 0.6 (Figure 2).

Although our following analysis is based on the results
of the circular IHZ of Kopparapu et al. (2013), our scaling for
the eccentric IHZ applies to any circular-orbit IHZ with the
corresponding functions of outgoing long-wave radiation,
albedo, and critical stellar flux. To test the robustness of the
II criterion for different circular IHZs, we also extract the
functions of outgoing long-wave radiation and albedo from
Wolf & Toon (2015) (B=1.18 WK 'm?), and accept their
critical stellar flux and temperature (S* = 1.125S,; T, = 331.9K)
to perform the same calculation. The results constrain [Ty and A to
the same values as shown in Figure 2.

3.2. Variable Heat Capacity

Up to now we have assumed that the heat capacity of a
planet is fixed, but it can actually vary with time as a result of a
variety of factors. We will now consider an effective heat
capacity (Ceg) including energy storage by land, mixed ocean,
dry air, and water vapor in the atmosphere, as well as latent
heat from the evaporation of water.

For simplicity, we assume a rapidly mixed one-layer ocean
that is uniform in temperature, so the heat capacity of the ocean
is simply C,,=D,-p,-c,, where D, is the depth of the
mixed layer, p, is the density of the ocean, and c,, is the
specific heat capacity of ocean water. Absent information on
the salinity of the ocean, we assume Earth’s values as p, =
1020kgm > and c,,=4200Jkg 'K' (Hartmann 2016).
Note that the depth of the mixed layer changes with the surface
temperature as a result of the evaporation of water. The land as
a solid can only transfer heat through conduction and there is a
characteristic depth (k;) through which a temperature anomaly
on the surface associated with periodic forcing will penetrate in
one period (Turcotte & Schubert 2002):

Cp,L = hL *PLCpL
hy = JRT, (11)

where p;, =2600kmm " is the density of the soil, CpL=

733Tkg "K' is the specific heat capacity of the soil,
k=5x10""m?s"" is the thermal diffusivity of the soil
(Abbot et al. 2010; Hartmann 2016), and 7 is the duration of
forcing, that is, the orbital period, in this case.

Assuming an Earthlike atmosphere, the heat capacity of dry
air is C, ,=M, - c, 5, where the mass per unit area M, is the
Earth’s value and ¢, , = 1004 ] kg ' K~'. The heat capacity of
water vapor per unit area is C,, = M, - ¢,,,,, where the specific
heat capacity of water vapor is c,,=18801J kg "K' (at
350 K).” The mass of water vapor per unit area as a function of

5 https: //www.engineeringtoolbox.com/water-vapor-d_979.html
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Figure 2. The function defining the transition between the mean stellar flux limit and the maximum stellar flux limit g(II); Equation (7) based on numerical
integrations of the EBM assumes a constant heat capacity (left) and a variable heat capacity evaluated at 330 K (Equation (12)) and different stellar types, which
affects the orbital period (right). The functional form given in Equation (7) fits the transition well with II, = 0.4 and A = 0.6.

surface temperature (M,) is obtained from the extended data in
Figure 3 of Leconte et al. (2013). We assume the water vapor
mixing ratio is a slave to the surface temperature and adjusts
instantaneously. Water vapor in the atmosphere increases with
surface temperature as a result of evaporation, leading to the
consumption of latent heat. The latent heat of water vaporiza-
tion per unit area (L,) is given by L, = ZVM, where the
specific latent heat of water vaporization is [,=23x
10°Tkg~'. Latent heat is the largest contributor to the total
Cer near the critical temperature, if the global mean depth of
the ocean is <10 m.

Overall, the total effective heat capacity can be expressed as

Ceff = DO(I;‘) * Py Cpo + Cp,L + Cp,a + Mv(Ts)

dM, (T
: Cp,v + lv d; ‘), (12)

where the heat capacity of dry air (C,,) and land (C,,) are
constants for a given planet, while the latent heat and the heat
capacity of the ocean and water vapor change with the surface
temperature due to vaporization. We plot the various terms in
Cesr in Figure 3. The right panel of Figure 2 shows that if we
calculate Cr at 330 K, our results approximately collapse onto
the functional form we found for the fixed heat case
(Equation (7)).

3.3. Implications of Results

Equation (7) represents a specification of the IHZ for planets
with nonzero eccentricity and we have now constrained its
parameters, so in a sense our work is done; however, it is
worthwhile to consider some of the implications of our results
in graphical form.

We first show numerical results for the IHZ as a function of
stellar flux and eccentricity assuming a constant heat capacity
(Figure 4). Planets with C < 10°Jm 2K follow the maximum
stellar flux limit very well, while planets with C > 108 Jm >K
follow the mean stellar flux limit. Interestingly, we expect that
many potentially habitable planets have C ~ 10’-10®Jm 2K
in the intermediate range between these two limits (Figure 3).

We also integrate our EBM with a variable effective heat
capacity (Equation (12)) for a variety of ocean depths
(Figure 4). We assume a planet with an Earthlike atmosphere,
but we consider the difference in land heat capacity due to
changing orbital periods. For lower eccentricities (e < 0.5), if
planets have an ocean deeper than 1 m, the IHZ follows the
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Figure 3. Terms contributing to the effective heat capacity (upper) and the
effective heat capacity of planets with different ocean depths (lower) as a
function of temperature. Upper: The inset zooms in on the small difference
between dry air, land, and a 1 m mixed layer. “Land” is calculated with the
modern Earth’s orbital period and “Land around M” is calculated for an
equivalent planet with a smaller orbital period orbiting an M dwarf (0.09M.).
The black star shows the observational effective global mean heat capacity of
the modern Earth considering the measurements of heat content of ocean and
the surface temperature changes in decades (Schwartz 2007). Lower: The red
vertical lines mark the critical temperature for a moist greenhouse from
Kopparapu et al. (2013) and the boiling point on Earth. The thinner black
curves denote the the effective heat capacity of planets with ocean depths of
0.01, 0.1, and 0.5 m from left to right.

mean stellar flux limit. For e > 0.5, the ocean must be deeper
than 10 m for the mean stellar flux limit to apply. For planets
with an atmosphere of Earth’s mass, even dry air provides a
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Figure 4. The same layout as Figure 1 but with the IHZ calculated assuming different surface conditions for planets in the uncertain zone. Top left: the effective heat
capacity is assumed to be constant. Top right: the effective heat capacity includes potentially variable terms from land, ocean, dry atmosphere, water vapor, and latent
heat. Bottom: The same simulations as shown in the top right panel but for different types of the host stars. $* and the function of albedo are adapted according to
Kopparapu et al. (2013). Assuming a planet with an Earthlike atmosphere, it is always safe to apply the mean stellar flux limit for M dwarfs and K dwarfs because of

shorter orbital periods.

heat capacity of ~2 x 10’ Jm >K. This provides sufficient
thermal inertia to keep them far from the maximum stellar flux
limit, even for a negligible ocean (Figure 4). Note that this
conclusion is dependent on the column heat capacity of dry air
in a planet’s atmosphere.

We also calculate the IHZ for planets orbiting different types
of host stars (Figure 4). Changes in the orbital period near the
IHZ lead to different behavior even with the same surface
conditions through their effect on Il (Equation (1)). As
discussed above, however, the results for different stars do
approximately collapse onto the same IHZ function (Figure 2).
It is interesting to note that planets orbiting M dwarfs have a
short enough period that II is large (Equation (1)) and they
nearly follow the mean flux limit even if their only heat
capacity is an Earthlike atmosphere with no ocean (Figure 4).

Previous work has shown that for circular orbits S~ should be
larger for dry planets than for planets with an ocean (Abe et al.
2011; Kodama et al. 2015). Our work suggests that if the
eccentricity is large enough, S will be larger for ocean planets
than for dry planets with a low enough heat capacity. For
example, a dry planet with a Mars-like atmosphere and less
conductive soil would have an effective heat capacity of only
~10°Tm2K, forcing the IHZ to the maximum stellar flux
limit. To illustrate this effect, we show that the semimajor
axes corresponding to the IHZ for land planets following
the maximum stellar flux limit and for water-rich planets
following the mean stellar flux limit cross at an eccentricity of
approximately 0.2 (Figure 5).

4. Discussion

This work is a theoretical investigation into the factors that
determine the THZ for eccentric planets. 3D effects such as
atmospheric circulation, heat transport, humidity, and clouds
may add additional complexities that modify the theory
developed here. For example, we assume the water vapor
mixing ratio and outgoing long-wave radiation adjust with the
surface temperature instantaneously, which may not be exactly
correct (Williams & Pollard 2002; Way & Georgakarakos
2017). Investigation of the level of deviation this causes from
the THZ limit that we have derived (Equation (7)) requires
detailed 3D modeling.

Our model simplifies the climate system to a global mean
state. This means that it may be less applicable to planets orbiting
M stars, which are likely to be tidally locked. On the other hand,
as the IHZ is approached atmospheric heat transport from the day
side to the night side of synchronously rotating planets becomes
so large that the surface temperature is nearly uniform (Yang &
Abbot 2014). Moreover, planets with nonzero eccentricities may
be caught in higher order spin—orbit states, which should lead to
more uniform temperature distributions (Barnes 2017). Ulti-
mately, this is another effect that should be checked with 3D
global climate model calculations.

In this work we focused on the inner edge of the habitable
zone and did not consider the outer edge. Most of our
numerical simulations with relatively small heat capacities
(C, <S3 % 10’ Tm 2K ') and high eccentricity (e > 0.4) have
minimum temperatures below 0°C. However, this does not
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Figure 5. Comparison of the IHZ (given in terms of semimajor axis) as a
function of eccentricity for a land planet and a water-rich planet. We assume
that the stellar flux of the circular IHZ is 1.7 times that of the modern Earth’s
for the land planet (Abe et al. 2011) and 1.015 times that of the modern Earth’s
for the water-rich planet (Kopparapu et al. 2013). We assume that the land
planet follows the maximum stellar flux limit and the water-rich planet follows
the mean stellar flux limit.

necessarily mean that they are beyond the outer edge of the
habitable zone, as experience in terrestrial locations such as
Chicago demonstrates. Full investigation of these issues is
beyond the scope of the current work.

5. Conclusion

Our main conclusions are as follows:

1. Using Buckingham II theory, physical arguments, and
numerical integrations, we find that the stellar flux at the
semimajor axis of the inner edge of the habitable zone
(IHZ) for eccentric planets can be approximated as

*
%2(1 —e)+ Wl —€e —(1—e?

lo
x —| 1 + tanh| ——22 ||, (13)

N | =

where 11 = BC—P, where C is the heat capacity of the planet,

P is the orbital period, B = %, where (2 is the outgoing
long-wave radiation to space of the planet and Ty is the
surface temperature, 1y~ 0.4, and A ~0.6.

2. To put this in concrete terms, a potentially habitable
planet orbiting a G star with an ocean at least 10 m deep
should have surface temperature variations small enough
that its IyZ is set by the mean stellar flux it
receives (% =1 —é?).

3. Moreover, planets with shorter periods (orbiting M or K
stars) only require a heat capacity equivalent to Earth’s
atmosphere (without any ocean) in order to follow the
mean stellar flux limit.

4. Finally, our calculations suggest that although the IHZ for
a dry planet with a circular orbit may occur at a higher
stellar flux than a planet with an ocean, this situation
reverses for eccentricities above 0.2 because temper-
ature oscillations on dry planets become large.
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