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Abstract

For any 0 < ¢ < 1 there exists a measurable function p(z), 0 < p(z) <1,
with | {z € [0,1]; u(z) # 1} |< 4, and a series in the Walsh system {,,} of the form

> anpn,  With an| N0,
n=0

such that for any p > 1 and any function f € LL (0, 1) one can fined subseries of above series
convergingto fin LI (0, 1).
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1 Introduction

Let u(x)—ia a weighted function and let

(0, 1) = {J; / (@) ) dae < o)

A system of functions
{fe(@)}io, fr(x) € L[0,1]

is called a system of representation for weighted L,,[0,1] class, if for any f(z) € L,[0,1] there is a

series » _ ax fx(x) which converges to the f(x) in the metric L0, 1].
k=1
Note, that many papers are devoted (see [1]- [14]) to the question on existence of various types of
representation by different systems in the sense of convergence almost everywhere, on a measure,
in L? metric.
In this paper we prove the following theorem:

Theorem Forany 0 < § < 1 there exists a measurable function p(z), 0 < p(z) < 1, with
| {z € [0,1]; u(z) # 1} |< §, and a series in the Walsh system {y, } of the form

> an@n,  With |an] N0,
n=1

such that for any p > 1 and any functionf € L%,(0, 1) there exists a subseries

(oo}
E Any Py,
k=1

converging to f in L%(0, 1).

Recall the following definition: a series >~ , an¢nx is said to be universal with respect to subseries
in the space LI (0,1),where p > 1 is fixed, if for each function f(x) € L},(0, 1), one can select a
subseries > 77 | an, ¢n, Which convergesto f(x)in L%, (0, 1) norm.

Note that in this theorem it is impossible to replace L%,(0,1) with L*(0, 1). This is obvious: for

instance if for the function (|a1| + 1)¢1(x) there exists subseries Y 7> | an, ¢n,,( nr ) of series
1

32 | antn(x) Which converges to this function by L?(0,1) norm, then it follows that an, = [(|a1| +
0

1)1 (x)pn, (z)dz for all k > 1, hence, if ny > 1 we geta,, = 0forall & > 1, else if ny = 1 we get

1+ |a1| = a1, which is contradiction.
The following problems remain open:

Question. Is this theorem true for the trigonometric system?
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2 Proof of Main Lemmas and Theorem

The Walsh system, an extension of the Rademacher system, may be obtained in the following
manner:
Let r be the periodic function, of least period 1, defined on [0,1) by

T = X[0,1/2) — X[1/2,1)-
The Rademacher system, R =r,, : n =0, 1, ..., is defined by the conditions
ro(z) =7r(2"2), Vo € R,n=0,1, ...,

and, in the ordering employed by Paley (see [15] and [16]), the n-th element of the Walsh system
{©n} is given by

oo
on = [T+, (1)
k=0

where 322 nx2" is the unique binary expansion of n, with each n;, either 0 or 1.

We put
k _ ok G) _ (i=1 4
1-2% ifxe A = (L7, &%),

2k 7 2

and periodically extend these functions on R* with period 1.

By xz(z) we denote the characteristic function of the set E, i.e.

1,ifxeFE
— ) ) 3
xe(@) {O,ifm¢E. ®)
Then, clearly
10 (@) = po(w) =2 X0 () (4)

and let for the natural numbers k > 1, and j € [1,2"]

1
1 .
blap) = | Xap(@eila)de =5 0 << 2 Q
0
. Ly 0,ifi=0o0ri>2"*
Z,Im:/lm (@)de =40 22", 6
a(l”) = | I (@)ei(z)de 1, 0f1<i<2k. (©)
Hence
ok 1
Xpi (2) = > bi(xp0)ei(@) (7)
i=0 i
(@) =" ally)ei(w) (8)

i=1
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Lemma 1. Let dyadic interval A = A = ((k —1)/2™;k/2™), k € [1,2™] and numbers
No € N, v #0, € € (0,1) be given. Then there exists a measurable set E C [0, 1] and a polynomial
Q in the Walsh system {4} of the following form

N
Q= Z Ck Pk

k=Ng

which satisfy the following conditions:

1) the coefficients {ax}r—n, are 0 or £y | A |

2) Bl > (1=¢)A],

: if E
3) Q(x):{g : :'fizA’

1
4) max (/
No<m<n \ J,

where A, is a constant depending only upon p, and . + & =1

> eren()

k=Ng

P 1/p 1/2 1/2 ‘.
ge| < [Anle Al i =1
T\ Aphyle AP ifp> 1

Proof. Let
vy = [log2 %} +1 ;s=[logy No] +m. (9)
We define the polynomial Q(z) and the numbers ¢,, a; and b; in the following form:
Qz) =7 Xy (@) - I (2°w), = € [0;1]. (10)
en = en(Q) = /01 Q(2)pn(x)dz , ¥n > 0, (11)
bi=bilxam), 0<i<2™,  a;= a; (I8, 0<j< 2. (12)

Taking into consideration the following equation
@i(x) - i (2°2) = pjosti(z) , T0 <0, j<2° (see (1)),

and having the following relations (5)-(8) and (10)-(12), we obtain that the polynomial Q(z) has the
following form:

2m—1 oro—1
Q)= bipi(z)- Y a;0;(2°z) =
i=0 j=1
2v0—1 2m 1 N
=" Z aj - Z bitpjgmri(l‘) = Z thpk(m) s (13)
j=1 i=0 k=Ng
where ~
5 .
cr = cr(Q) = {Oi”” oro, ';IZZ [[ZZ%]] (N =210 4 om 2% 1. (14)
Then let
E={x;Q(z) =~} .
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Clearly that (see (2) and (10)),

|E[=2""(1-27") > (1-¢)A[, (15)
v,ifrek,

Qx)=¢y(1—-2") ifze A\ F, (16)
0,ifzéA.

Thus,forp>1and%+%:1

1 v 1941 1 11
[ le@rds)” < a2 et <apape.
0
Since Q is a Walsh polynomial, it is own Walsh-Fourier series; that is,
1
Cp = / Qx)pn(x)dr , Vn € N,
0

thus, from Paley’s theorem ||S,(Q)|| < A,||Q|l» , ¥n» € N and p > 1, where A, is a constant
depending only upon p. Hence

2 3 L
1| m 1| m v 3
Norga%]v/o kz]:v ckpr()|do < | max /0 kz; crpr(z)| do | < (/0 Q (m)dﬂﬂ> <
=INo =INo

< Aslyle V2 |A1V2
and .
P

1 m
max / Z cron(@)| dr | < Ayl VAT vp > 1,

No<m<N o |
=No

p

where A, =44, , p > 1.

Lemma 1 is proved.

Lemma 2. Let given the numbers N € N, 0 < € < 1, po > 1. Then for any function f ¢
L?(0,1), ||fllL,, > 0, one can find a set E C [0, 1] and a polynomial in the Walsh system

M
Q=Y apr,

k=N+1
satisfying the following conditions:

M

1) 0 < |ak| < e and the non-zero coefficients in {|ax|},_ 5, ,

are in decreasing order ,
2) |El|>1—c¢,

3 ([ 16w - ra@rma)” <c.

o max |13 an@lin)] < (/|f(x)|pdx>5+e, < po.

N+1<m<M =
tlsms ¢ k=N+1

3=

for every measurable subset e of E.
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Proof. We choose some non-overlapping binary intervals {A,}.° , and a step function

Z% XA, ZIAIf1

satisfying the conditions

max | (Ase 2 |AL 2 4+ Ay TIAP) < 5L Vp>1

1<v<y

)
SR

€
0 < 1o llAvel < oo < wllAu] < oo < I]A1] < 30

1 B e
([ 1r=opeas)™ <5
0 2
Successively applying Lemma 1, we determine some sets E, C [0, 1] and polynomials

my —1

Z ajo;, (mo=N+1),v=1,..,10,

J=my_1

where a; = 0 or +;|A;|, ifj € [my—1,m.),

€
|Ev| > (1=35)-1Au],

2
Yo ot |f$€ Eu
Qv = ; ’
0 : ifz¢g A,
| m PoNF [Adwle A ifp=1
max a z)| dz <
my_1<m<m,—1 /0 k:; 1 kpk(T) “1/q 1 :
o Aplywle |Aylp , ifp>1

Then let
)
E= U E,,
Q= ZQV— Z aK Pk,

k=N+1
Let N < m < M. From (21) and (26) we get
m v—1
Z akpr = ZQ" + Z axpr Where m,_1 < m < m,.
k=N+1 n=1 k=m,—1

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(27)

Taking into consideration that for any = € E, Q(z) = () (see (17), (23) and (26)), from (18),

(24), and (27) for every measurable e C E we obtain:

1

(/\Q \”de> (/w | \PW)EQ.
(/ > mpnla) ) (/EZWA x>+</

m

Y. anpa(@)

n=my,—1

p 1
dx)

<

104



Grigoryan and Davtyan; BJMCS, 7(2), 99-108, 2015; Article no.BJMCS.2015.106

1 1
< ([lw@ra)"+§ < ([1r@ras) 4. foratp<m.

According to (19), (21), (22) and (25) it follows

|E|>1—¢

and 0 < |ax| < € and the non-zero coefficients in {|ak|}kM:]\~,Jrl are monotonically decreasing, i.e. the
statements 1)- 3) of Lemma 2 are valid.

Lemma 2 is proved.

Lemma 3. Forany 0 < § < 1 there exist a weight function u(x),0 < p(z) < 1, with
| {z € [0,1]; u(x) # 1} |< & such that for each numbers p, > 1, N € N, 0 < ¢ < 1, and every
function f € L} (0,1), || fllz,, >0 , there exists a polynomial in the Walsh system of the form

M

Q= Zankgonk ,N>N
k=N

satisfying the following conditions:

1) 0< |an, | <lan,|<eN<k<M,
1
1 . 70
2 ([ 1w - swrui) " <.
0

3)  max ( / DS awnk<m>|’7u<x>dm)p<( / 1f(w)”u(w)dw>;+e,vp<po-

N+1<m<M -
== 0 p=F+1

Proof of Lemma 3
This is proved analogously to Lemma 3 of [6] (see pp. 9, 10).

Proof of Theorem
Leté € (0,1) and let

pe S +oo and let {fi(2)}p2,, « € [0,1], (28)

be the sequence of all algebraic polynomials with rational coefficients. Applying repeatedly Lemma 3,
we obtain a weight function p(z) with 0 < p(z) <1 and |{z € [0,1]; u(z) = 1} |> 1 — 4 a sequences
of polynomials in the Walsh systems {¢,(z)}

M,

Qk(%’) = Z QAn; Pn; (33) ) (29)

i=Ny,

where
lel;Nk:Mk_1+1,k22,

which satisfy the following conditions:

27 > an,| > |an, 4| >0, Vi € [Ny, Mi] , k=1,2, ...
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( / Q@) — fulw)p ()dx)”l’“<24’“, (31)

Zan QOn

=Ny

P 5 ) L
Nk<m<]wk (/ x)d'x> < </0 |fk($)|p/,b(.1,’)daj> + 2_k—1 , Vp S Pk (32)

Consider a series

Zasaps (z) , where as = an, if s € [ni,ni41) , (33)

Clearly (see (30), (33) )
lak| N\ 0.

Let p > 1 and let f(z) € L%(0, 1). We choose some f,, (z) from sequence (28), to have
1
p
(/ |f(x) — fu,(z )|pu(m)dx) <27 vi>ko, pu,>D.

Suppose that the numbers ky < v1 < ... < vg—1 and polynomials Q., (), ..., Q.,_, () are already
determined satisfying to the following conditions:

1

( / F@) =3 Qu, (:c)l”u(a:)dx> T sepg-1), (34)

max
Ny, <m<M,,

Let a function £, (z), v, > ;1 be chosen from the sequence (28) such that

Z an, pn, (

le,

(:c)dm) <27 me2,q—-1] (35)

< |: ZQ] :| frg () (:c)dm) ' < 9~ 4a+1) (36)
Hence by (34) we obtain
([1rlrutorte)” <27t (37)
From the conditions(31), (32), (37) follows that
(/0 f(@) = Qu, (:r)pu(r)dw) <27, (38)
n=1
N, glm<M (/ Z n,@n, (a:)dx) <27, (39)
va va =Ny,
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Then we obtain that the series
S branpn(z)  (see (29) and (33))
k=1

where

1, it k =ni, where i = 32, [Ny,, M,,],
k = .
0, otherwise .

converges to f(x) intheLl, (0, 1) - norm.
Theorem is proved.

3 Conclusion

We prove that for any 0 < 6 < 1 there exists a measurable function p(z), 0 < p(z) < 1, with
| {z € [0,1]; u(z) # 1} |< 4, and a series in the Walsh system {,, } of the form

Z Anpn, With Ja,| \ 0,

n=0
such that for any p > 1 and any function f € L7,(0, 1) one can fined subseries of above series
convergingto fin LE (0, 1).
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