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Abstract

In this paper, we prove the existence of fixed points and demiclosed principle for total asymptotically
nonexpansive mappings in hyperbolic spaces. As a consequence, we obtain a A—convergence
theorem for such mappings in hyperbolic spaces. Our results improve and extend some results in
the literature.
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1 Introduction

In this paper, we work in the setting of hyperbolic spaces introduced by Kohlenbach [1]. (X, d, W)
is called a hyperbolic space if (X, d) is a metric space and W : X x X x [0,1] — X is a function
satisfying

(I) Vz,y,z € X, VA €[0,1], d(z, W (z,y,\)) < (1 — N)d(z,z) + Ad(z,y);
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(II) Vl’,y S X7 V)‘h)‘? € [07 1}7 d(W({E,y,)\l),W(CC,:%)\Q)) = ‘)‘1 - )‘2‘ d(l‘7y),
(II1) Vz,y € X, VA€ [0,1], W(z,y,\) = W(y,z, (1 - A));
(IV) Vz,y,z,w € X, YA € [0,1], d(W(z,2,A), W(y,w,\)) < (1 = N)d(z,y) + Ad(z, w).

If a metric space satisfies only (), it coincides with the convex metric space introduced by Takahashi
[2]. The concept of hyperbolic space in [1] is more restrictive than the hyperbolic type introduced by
Goebel [3] since (I)—(III) are equivalent to (X, d, W) being a space of hyperbolic type in [3]. But it
is slightly more general than the hyperbolic space defined by Reich [4] (see [1]). This class of metric
spaces in [1] covers all normed linear spaces, the Hilbert ball with the hyperbolic metric (see [5]),
Cartesian products of Hilbert balls, Hadamard manifolds (see [4, 6]), R-trees in the sense of Tits and
CAT(0) spaces in the sense of Gromov (see [7]). A thorough discussion of hyperbolic spaces and a
detailed treatment of examples can be found in [1] (see also [3-5]).

A hyperbolic space X is uniformly convex [8] if for u,z,y € X, » > 0 and ¢ € (0, 2] there exists a
d € (0,1] such that

d (W(m,y, %m) <(1-o)r

provided that d(z,u) < r, d(y,u) <randd(z,y) > er.
A map 7 : (0,00) x (0,2] — (0,1] is called modulus of uniform convexity if 6 = n(r, €) for given
r > 0. Moreover, n is monotone if it decreases with r (for a fixed ¢), that is,

77(7"276) < W(TI»E): Vra >ry > 0.

A subset C of a hyperbolic space X is convex if W (z,y,\) € Cforall z,y € C and X € [0, 1]. For
any z € X, r > 0, the open (closed) ball with center = and radius r is denoted by U(z, r) (respectively
U(zx,1)).

Let (X,d) be a metric space and let C' be a nonempty subset of X. Recall that a mapping
T:C — Cissaid to be a ({vn}, {un}, ()-total asymptotically nonexpansive mapping if there exist
nonnegative sequences {v,, }, {un} withv,, — 0, p,, — 0and a strictly increasing continuous function
¢ :[0,00) — [0, 00) with ¢(0) = 0 such that

d(T"z, T"y) < d(@,y) + vnC(d(z,y)) + pin, Y =1, z,y € C. (1.1)

It is well known that each nonexpansive mapping is an asymptotically nonexpansive mapping and
each asymptotically nonexpansive mapping is a ({v»}, {un}, ¢)-total asymptotically nonexpansive
mapping.

T : C — C is said to be uniformly L-Lipschitzian if there exists a constant L. > 0 such that

d(T"z, T"y) < Ld(z,y), Yn > 1, z,y € C.

Recently, Kohlenbach and Leustean [9] proved the existence of fixed points and demiclosed
principle for asymptotically nonexpansive mappings in hyperbolic spaces. Later, Zhang and Cui
[10] obtained the existence of fixed points and demiclosed principle for mappings of asymptotically
nonexpansive type in hyperbolic spaces. Motivated by [9] and [10], our purpose of this paper is to
discuss the existence of fixed points and demiclosed principle for total asymptotically nonexpansive
mappings in hyperbolic spaces.

2 Preliminaries

Let {z,} be a bounded sequence in a hyperbolic space X. For z € X, we define

r(z,{zn}) = limsupd(z, zn).

n— 00
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The asymptotic radius r({z.}) of {z,} is given by
r({zn}) = inf{r(z, {z,}) : v € X}.
The asymptotic radius rc({z»}) of {z,} with respect to C C X is given by
rc({zn}) = inf{r(z, {z,}) : x € C}.
The asymptotic center A({z,}) of {z,} is the set
A({zn}) ={z € X :r(z, {z}) = r({z})}.
The asymptotic center Ac({zn}) of {z»} with respectto C C X is the set
Ac({zn}) ={z € C:r(z,{zn}) = re({zn})}

In 1976, Lim [11] introduced the concept of A— convergence in a general metric space. Recall that
a sequence {z,} in X is said to A— converge to = € X if z is the unique asymptotic center of {u,}
for every subsequence {u,} of {z,}. In this case we call « the A— limit of {z,}.

The following lemmas are important in our paper.

Lemma 2.1. [9] Let (X,d,W) be a complete uniformly convex hyperbolic space with monotone
modulus of uniform convexity. Then the intersection of any decreasing sequence of nonempty bounded
closed convex subsets of X is nonempty.

Lemma 2.2. [12,13] Let (X, d, W) be a complete uniformly convex hyperbolic space with monotone
modulus of uniform convexity and let C be a nonempty closed convex subset of X. Then every
bounded sequence {z,} in X has a unique asymptotic center with respect to C.

Lemma 2.3. [12] Let (X,d, W) be a uniformly convex hyperbolic space with monotone modulus of
uniform convexity n. Letx € X and {an} be a sequence in [a,b] for some a,b € (0,1). If {z,}
and {y,} are sequences in X such that limsup,,_, . d(zn,z) < ¢, limsup,, . d(yn,z) < ¢ and
limy,— 00 d(W (Zn, yn, an), z) = ¢ for some ¢ > 0. Then

lim d(zn,yn) =0.

n—r00

Lemma 2.4. [14] Let{a.}, {bn} and {c.} be sequences of nonnegative numbers such that
ant1 < (1+bn)an +cn, ¥Yn > 1.

If3 0 1 bn <ocoandy | c, < oo, then limy, e an €Xists.

3 Main Results

In this section, we prove our main theorems.

Theorem 3.1. (Existence of fixed points for total asymptotically nonexpansive mappings in hyperbolic
spaces) Let (X,d,W) be a complete uniformly convex hyperbolic space with monotone modulus
of uniform convexity n. Let C be a nonempty bounded closed convex subset of X. Then every
continuous total asymptotically nonexpansive mapping T : C — C' has a fixed point.

Proof. Forany y € C, let

B, := {b € R" : there exist z € C and k > 1 such that d(T"y, z) < bfori > k}.
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B, is nonempty since diam(C) € B,. Define g, := inf B,. For any 6 > 0, there exists by € B, such
that by < 8, + 6. Then there exist x € C and k£ > 1 such that

d(T'y,x) < by < By + 0, ¥i > k. (3.1)
It is easy to see that 8, > 0. We consider the following two cases:

Case 1. 3, = 0. Lete > 0 and apply (3.1) with & = £. Then there exist z € C'and k > 1 such
thatforalli,5 > k

d(Tiy,ij) < d(Tiy7 x) + d(ij7 z) < % + g =,

which implies that {T"y} is a Cauchy sequence. Assume that T’y — z as i — oo for some z € C. By
the definition of 7', we obtain

d(z,T'2) < d(z,T*y) +d(T*y,T'z)
d(z, T*y) 4+ d(T"z, T'T"y)
< d(z, T*y) + d(z, T'y) + viC(d(z, T'y)) + pi — 0 @s i — oo.

Thus Tz — z as 1 — oco. By the continuity of T', we get

Tz="T(lim T'z) = lim T""'z = 2.
11— 00 12— 00

Hence, z € F(T).

Case 2. By, > 0.Foranyn > 1, let

C, = U ﬂU(Tiy,ﬁyJF%)’ D, ::CﬁﬂC.

k>14i>k

Taking § = X in (3.1), there exist = € C, k > 1 such thatz € (,», U(T"y, By + %). Thus {D,.} is a
n i>k n

decreasing sequence of nonempty bounded closed convex subsets of X. By Lemma 1, we have

D:= () Dn #0.

n>1

Forany z € Dand 6 > 0, let N > 1 be such that 2 < 6. It follows that = € C'y and there exists a
sequence {z5 } C Ci such that lim, . 2 = z. Let P > 1 be such that d(z,z5 ) < & foralln > P

and let K > 1 be such that =3 € ;. U(T"y, B, + ) Thenfor all i > K, we have
i i N N 1 1
d(Ty,x)Sd(Ty,xp)—&—d(mp,m)SBy—l—N—i—NSﬁy—i—ﬂ. (3.2)

Now we are in the position to prove that any point of D is a fixed point of T Let z € D and assume by
contradiction that Tz # «. Then {T"z} does not converge to x as ¢ — oo and so we can find ¢ > 0,
for any mo > 1, there exists m > mo such that

d(T"z,x) > €. (3.3)

Without loss of generality, we assume that ¢ € (0,2]. Then ﬁ € (0,2] and there exists 0, € (0, 1]
such that

€ By — 0Oy
1— 1, < .
”<B” ﬂy+1) By + 0y
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Taking 6 = % in (3.2), there exists K > 1 such that
d(T'y, ) < By + %‘ Vi > K. (3.4)
By the definition of T', there exists M, such that if i > My, then we have
d(Tigv7 Tiz) < d(z,z) + vi(d(z, 2)) + s
< d(z,z)+ %y, Vr,z € C. (3.5)
By (8.3) with mo = Mo, there exists M > M, such that
d(TMz,z) > e. (3.6)

Leti > 1 be such that: > M + K. It follows from (3.4), (3.5) and (3.6) that

p 0
d(z, T"y) Sﬁy"‘?y < By + 0y;

d(T™ 2, T'y) (T2, T T My)

< d(e, T M)+ 2
< ﬁy‘i‘ay;
M > = € (B, >_ & ’ ).
d(T™"x,x) > ¢ By + 0, (5J+99)—By+1 (By + 0y)

It follows from X is uniformly convex and n is monotone that

AW ™a ). < 1= (840,557 )| B+ 0)

£

< [-a(Brngte)|eoro)

5@/ — ey
< : + 0
= 5y - 9y~
Hence, there exist k := M+K and z := W (z, Tz, 1) € C suchthatforalli > k, d(z, T'y) < B,—0,.
It implies that 8, — 6, € B,, which contradicts with 8, = inf B,. Thus, z € F(T). O

It is well known that one of the fundamental and celebrated results in the theory of nonexpansive
mappings is Browder’s demiclosed principle [15] which states that X is a uniformly convex Banach
space, C'is a nonempty closed convex subset of X, and T': C — X is a nonexpansive mapping, then
I — T is demiclosed at 0, i.e., for any sequence {z,} in C'if z, — = weakly and ||(I — T)z»| — 0,
then x = Tz. In the following, we shall prove that a total asymptotically nonexpansive mapping in
a complete uniformly convex hyperbolic space X with monotone modulus of uniform convexity is
demiclosed. Let X be a hyperbolic space and let C' be a nonempty closed convex subset of X. Let
{zn»} be a bounded sequence in C. In what follows, we denote it by

{zn} — wifand only if &(w) = irelgd)(m)7

where ®(z) := limsup,, , . d(xn, ).
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Theorem 3.2. (Demiclosed principle for total asymptotically nonexpansive mappings in hyperbolic
spaces) Let (X,d, W) be a complete uniformly convex hyperbolic space with monotone nodulus of
uniform convexity n. Let C be a nonempty closed and convex subset of X. LetT : C — C be a
uniformly L-Lipschitzian and ({p}, {vn}, ¢)— total asymptotically nonexpansive mapping. Let {x,}
be a bounded sequence in C' such that lim,_, d(zn,Tz,) = 0 and {z,} — p. Then we have
T(p) =p-

Proof. Since lim,—« d(xn, Tx,) = 0, by induction we can prove that
lim d(zn, T™x,) = 0 foreach m > 1. (3.7)

n—00

In fact, it is obvious that, the conclusion is true for m = 1. Suppose the conclusion holds for m > 1,
now we prove that it is also true for m + 1. Indeed, since T is uniformly L-Lipschitzian, we have

Az, T" ' 2y) < d(@n, T zn) + d(T ™20, T™  2,)
< d(xn, T™zn) + Ld(xn, Tx,) — 0a@S n — oo.

Thus (3.7) is proved. Now for each = € C and m > 1, from (3.7) we have

®(z) ;= limsupd(zn,z) = limsup d(T" zp, ). (3.8)

n— oo n— oo
In (3.8), taking = T™p, we get
o(T™p) = limsupd(T"z,,T™p)

n—r00

lim sup[d(zn, p) + vmC(d(2n,p)) + pm].

n—oo

IN

Letting m — oo and taking superior limit on the both sides, we have

lim sup ®(T™"p) < @(p). (3.9)
m—r 00
We assume by contradiction that T'p # p. Then {T"p} does not converge to p as m — oo, SO we can
find e > 0, for any k > 1, there exists m > k such that d(T™p,p) > 0. We can assume ¢, € (0, 2].

Then 587 € (0,2] and there exists ¢ € (0, 1] such that

1= (‘I)(p)—i— 1, q)(pf)oﬂ) < ZEQIZ- (3.10)

By the definition of ® and (3.9), there exist N1, M; > 1 such that
d(p7 Z’n) S ¢(p) +07 vn 2 N17

d(T"Lp7 xn) < ¢(p) + 07 vn > Nla m > M.

Besides, there exists m > M; such that
€0 €0

d(T™p,p) > €0 = )+ 0 (®(p) +0) > ) +1° (®(p) +0).

Since X is uniformly convex and n is monotone, by (3.10) we get

AW P < [1-n (004050 ) |- @) +0)
< 2T @0+
= & -0

Hence z := W (p,T™p, 3) € C and z # p, which contradicts ®(p) = inf,cc ®(z). Thus Tp=p. O
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Theorem 3.3. Let C' be a nonempty closed and convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexity n. LetT; : C — C, i = 1,2, be
uniformly L-Lipschitzian and ({z/ff) He u,(f ) Y, ¢9)-total asymptotically nonexpansive mappings. Suppose
that F'(Th) ( F(T2) # 0. For arbitrarily chosen x1 € C, {zx} is defined as follows

{xnﬂ = W(Zn, T Yn, @n), (3.11)

Yn = W (Tn, T3 Tn, Bn),
where the following conditions are satisfied:
(i) oo 1Vn <ooand Y > 1Mn < oo, i=1,2;
(it) there exist constants a,b € (0,1) such that {an} C [a,b];
(iii) there exists a constant M* > 0 such that ¢V (r) < M*r, r > 0,i = 1,2.
Then the sequence {z.} defined by (3.11) A—converges to a common fixed point of T1 and Tb.

Proof. Without loss of generality, we can assume that 7; O — C both are ({vn}, {un}, ¢)-total

asymptotically nonexpansive mappings, where v, = max{v 0 =1,2}, pun = max{,ugl),z = 1,2}
and ¢ = max{¢”,i = 1,2}. Itis easy to see that conditions (i ) and (iii) are still satisfied. Now we
divide our proof |nto three steps.

Step 1. In the sequel, we shall show that

lim d(xn,p) exists for each p € F(T1) N F(T3). (3.12)
n— o0

In fact, by conditions (1), (I) and (iiz), one gets

AW (2, T3 Tn, Bn), D)

(1 = Bn)d(zn,p) + Bnd(T3'vn,p)

(1 = Bn)d(zn, p) + Brld(xn, p) + vnl(d(zn, p)) + fin]

(1 + Bavn M™)d(xn, p) + Butin (3.13)

d(yn, p)

ININ A

and

d(@nt1,p) = d(W(2n,Ti"Yn, an),p)

(1 = an)d(@n,p) + and(Ti"yn, p)

(1 = an)d(@n,p) + an[d(Yn, p) + vnC(d(Yn, p)) + Hn]

(1 = an)d(@n,p) + an[(1 + vu M7)d(yn, p) + pn]. (3.14)

INININ

Combining (3.13) and (3.14), we have
d(mn-Flap) S (1 + U")d(xnvp) + €n7 vn 2 17 (315)

where o, = anvn M* (14 Bn + Bovn M™) and &, = anpin(1+ Bn + Bnvn M ™). Furthermore, using the
condition (z), we get

Yol ivn < oo and Ypzq pn < 00, (3.16)
a combination of (3.15), (3.16) and Lemma 4 shows that (3.12) is proved.
Step 2. We claim that

lim d(zn, Tizn) =0, 4i=1,2. (3.17)

n—00
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In fact, it follows from (3.12) that lim,,—,  d(zx, p) exists for each given p € F(T1) N F(T>). Without
loss of generality, we assume that

lim d(zn,p) = ¢ 0. (3.18)
By (3.13) and (3.18), one has
lim inf d(yn, p) < limsup d(yn,p) < lim [(1+ Brvn M*)d(n,p) + Bpin] = c. (3.19)
Noting
d(Ti'yn,p) = d(T1'yn,T1'p)

d(Yn,P) + vnC(d(yn,p)) + tin

INIA

by (3.19) we obtain

limsup (11" yn, p) < c. (3.20)

Besides, by (3.15) we get
d(xn+1:p) = d(W(melnym an)7p) < (1 + Un)d(xnap) +&n,
which yields that

lim d(W(2n, T1' Yn, an),p) = c. (3.21)

n— o0

Now by (3.18), (3.20), (3.21) and Lemma 3, we have

lim d(zn, T{'yn) = 0. (3.22)
n—r oo

On the other hand, we have

d(xmp) d(melnyn) + d(Tfyn7p)
d(xn, T{Yn) + d(Yn, p) + va M d(yn,p) + pin

d(x”laTlnyn) + (1 + V”M*)d(yﬂdp) + )u’ﬂv

IN A

which implies that lim inf,, o d(yn, p) > ¢. Combining with (3.19), it yields that

hm d(yn7p) =G

n—>00

that is,

lim d(W (zn, T3 @n, Bn), p) = c.

n—oo

By Lemma 3 we can also have that

lim d(xn,T5 z,) = 0. (3.23)
By virtue of (3.23), we have
d(yn,zn) = d(W(xn,Ts'wn, Bn), n)
< Bnd(T5'xn,xn) — 0asS n — oo. (3.24)
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Combining (3.22) and (3.24), one obtains

< dn, TPyn) + (14 v M) (0, g0)
+un — 0asn — oco. (3.25)
This jointly with (3.22) yields that
d(xn+17 xn) = d(W(xn, Tlnyn7 an), -Tn)
< and(T"yn,xn) = 0a@s n — oco. (3.26)

Now by (3.23), (3.25) and (3.26), for each i = 1, 2, we get

A(@n, Tiwn) < d@n, Tps1) + d@ngr, T 2pg) + AT 0, T )
-‘—d(Ti’H'loun7 Tizn)

(14 LYd(@n, Tni1) + d@ni1, T ny)

+Ld(T]" xn,xsn) — 0 @S n — oco.

IN

Therefore, (3.17) is proved.

Step 3. Now we are in a position to prove the A—convergence of {x,}. Since {x,} is bounded,
by Lemma 2, it has a unique asymptotic center Ac({z»}) = {z*}. Let {u,} be any subsequence
of {x,,} with Ac({un}) = {u}. Since limy o0 d(2n, T12s) = limy 00 d(zn, T2zyn) = 0, it follow from
Theorem 2 that w € F(T1) N F(T3). By the uniqueness of asymptotic centers, we get that ™ = w. It
implies that z* is the unique asymptotic center of {u,,} for each subsequence {u,} of {z,}, that s,
{zn} A—converges to z* € F(T1) N F(Tz). The proof is completed. O

Example 1. Let R be the real line with the usual norm | - | and let C = [-1,1]. Define two
mappings T1,7> : C — C by

—2sin £

27
4 x
2sin 3,

J

€ [0,1],
1,0),

Tl(x):{ el (1)

and

_fz, ze][0,1],
Bo(w) = { —xz, z €[-1,0).

It is proved in [16, Example 3.1] that both T} and T: are asymptotically nonexpansive mappings with
k. = 1, ¥n > 1. Therefore, they are total asymptotically nonexpansive mappings with v, = p, =
0, vn > 1, {(t) = t, Yt > 0. Moreover, they are uniformly L-Lipschitzian mappings with L = 1.
F(Ty)={0}and F(T3) ={z € C:0<z < 1}. Let

n n

- _" B, = vn > 1.
ST R A

Qn

Therefore, the conditions of Theorem 3 are fulfilled.

4 Conclusion

The major findings of this study are the proofs of the existence of fixed points and demiclosed principle
for total asymptotically nonexpansive mappings in hyperbolic spaces.
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