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Lipschitz in the small is a generalization of the Lipschitz condition. The Lipschitz condition guarantees the uniqueness of the
solution of the initial value problems. A special Lipschitz condition in the small is a contraction in the small. Based on the
Lipschitz in the small in this paper, fixed-point theorems involving contraction in the small will be presented. The results will

be applied to develop Picard’s theorem.

1. Introduction

A Lipschitz condition is an interesting condition, both in
analysis and in its applications. In Picard’s theorem, the
Lipschitz condition guarantees the uniqueness of the solu-
tion of an initial value problem (IVP). Picard proved the
guarantee of the uniqueness by using the equivalency of
the solution of the IVP with the solution of its associated
integral problem.

Picard’s theorem can be proven by using the Banach
contraction theorem or by constructing a sequence of func-
tions that converges uniformly to the solution [1]. Contrac-
tion is a specific condition of the Lipschitz condition, where
its Lipschitz constant is in the interval [0,1). Many
researchers generalized the concept of the Lipschitz function
to have fixed-point theorems, such as Hussain et al., Liu and
Xu, Pata, Xu and Radenovié [2-5].

The concept of the Lipschitz condition has been devel-
oped as the Lipschitz in the small [6]. We recall the defini-
tion of Lipschitz in the small in Definition 1.

Definition 1. Let (X, d) and (Y, p) be metric spaces. A function
G : X — Y is said to be Lipschitz in the small if there exist an
n>0and a K >0, such that for every x,y € X, d(x,y) <y,
we have

P(G(x), G(y)) <K d(x.y). (1)

The constant K is called the constant of Lipschitz in the
small of G on X.

From the definition, a Lipschitz function in the small is
uniformly continuous, but the converse is not always true.
Garrido and Jaramillo state that a uniformly continuous
function can be approached by the Lipschitz function in
the small or the local Lipschitz function.

A Lipschitz function is Lipschitz in the small but the
converse is not always true [6]. Based on that fact, Garrido
and Jaramillo define a small-determined metric space. A
small-determined metric space is a metric space with the
set of all the Lipschitz functions equal to the set of all
Lipschitz functions in the small. One of the examples of
a small-determined metric space is a quasiconvex metric
space.

A metric space V is called quasiconvex if there exists a
positive constant C, such that for every two points in
x,y€V can be joined by a continuous path with its
length not greater than C times the distance between
those two points x and y.

Based on Garrido's results, Leung and Tang [7] give nec-
essary and sufficient conditions on a subset A of X such that
f|A is the Lipschitz for every function f that is Lipschitz in
the small on X [7].

In this paper, the influence of the Lipschitz in the small
condition in Picard’s theorem will be seen. After defining
the contraction in the small, its characteristics due to fixed-
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point theorems will be presented. The results will be applied
to develop Picard’s theorem using contraction in the small.
The proof of the uniqueness in Picard’s theorem will be pro-
vided by using Gronwall’s inequality.

We recall Gronwall’s inequality as in Theorem 2.

Theorem 2. (Gronwall’s inequality) [1]. Let g and h be two
continuous positive real-valued functions on an interval c,
d] and g(c) = 0. If g satisfies

for every x € [c, d], then

g(x) < g(c)el MO, 3)

for every x € [c, d].

2. Results

Based on the definition of Lipschitz in the small it will be
defined as the contraction in the small. A fixed-point theo-
rem using contraction will be developed by using contrac-
tion in the small. Furthermore, it will be applied to develop
a new version of Picard’s theorem.

Definition 3. A function f : (X,d) — (Y, p) is said to be a
contraction in the small if there exist r>0 and K € [0, 1),
such that for every x,y € X, d(x, y) <r, we have

p(f(x):f(»)) <Kd(x.y). (4)

Contraction in the small is a special case of the Lipschitz
condition with its constant less than 1. It is clear that every
contraction function is a contraction in the small function.
The converse is not always true. For example, let us consider
the function g : N — R, where g(n) = (1/4)n?, n € N. The
function g is a contraction in the small on N, but it is not a
contraction on IN.

Lemma 4. If the function f is bounded and the Lipschitz in
the small with K in Definition 3 is less than 1, then f is a
contraction.

Proof. Since f is bounded and Lipschitz in the small then f is
Lipschitz. 0

Lemma 5. Let (X, d) and (Y, p) be metric spaces. If X is com-
pact and if the function f : X — Y is Lipschitz in the small
then f is Lipschitz.

Proof. The function f is Lipschitz in the small then f is uni-
formly continuous. Since X is compact, then f is bounded.
As a corollary, f is Lipschitz. O
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Corollary 6. Let (X,d) and (Y, p) be metric spaces. If X is
compact and if the function f : X — Y is a contraction in
the small, then f is a contraction.

Proof. 1t is proven by Lemma 4. O

The relationships between a contraction in the small
function and its fixed points will be discussed in Lemma 7
and Theorem 8.

Lemma 7. Let (X, d) be a metric space and x,€ X. If f : X
— X is a contraction in the small and f(x,) = x,, then there
exists a positive § such that

f(B(x0:6)) € B(xo, 0).- (5)

Proof. Since f is a contraction in the small, there exist a
positive Kless than 1 and a positive r such that for

everyp, g€ X, d(p,q) <,
d(f(p).f(q)) <K d(p,q)- (6)

Put § =r. Let y € f(B(x,, 8)) be an arbitrary point. There
is a point x € B(x,, §) with y = f(x). As a corollary, we have

d(y, xo) = d(f(x), f(x0)) < Kd(x x) <d(x, %) (7)
This means that y € B(x,, §). O

The converse of Lemma 7 is not always true. For exam-
ple, let us consider the metric space X = (0, 2) with its metric
defined by (u,v) =|u-v|, for every u,v e X. The function
f: X— R, where f(x)=(x—1)/3, is a contraction in the
small. For xy=1 and 6=2,
f(B(1,2)) =(0,2/3) €(0,2) = B(1,2). However, f(x,) # x,.

Based on Lemma 7, it will be given a fixed-point theorem
involving the contraction in the small in Theorem 8.

Theorem 8. Let (X, d) be a complete metric space and x,, € X.
If f : X — X is a contraction in the small with constant r

such that f(B(x,, 1)) € B(x,, 1), then there exists u € B(xy, 1)
as a fixed point of f. Moreover, if u€ B(x,,r), then u is a
unique fixed point of f on B(x, 1).

Proof. Since f is a contraction in the small, there exist
K €[0,1) and r > 0 such that for every p,q € X, d(p,q) <,

d(f(p)-f(q)) <Kd(p:q). (8)

Let us define x; = f(x,) and x,, = f(x,,_;), for every n € N,
n > 1. From the hypothesis, x,, € B(x,, r) for every n € N. Let
us consider that for every n € N,

(X5 X) = A(f (%05 f (¥1)) < K (% %,1) < K" (%1, %) <K"r.

©)

As a corollary, for N > n, there is m € N, with N =n + m.
Therefore,
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[ee)
d(xys %) = d(X,y s X,) <7 (KM 4 K24 1K) <7 K™ ZKi.
=0

(10)

Since K € [0.1), the sequence (x,,) is a Cauchy sequence in
X. The completeness of X implies the existence of u € X such
that (x,,) converges to u in X. Since x,, € B(x,, r) for every n,
then u € B(x,,r). From the hypothesis, f(u) € B(x, 7).
Therefore,

d(u, f (u)) < d(tx,,) +d (X Xypi1) + (%5000 f (1)
<(L+K)d(u,x, ) +d(x,, %, 41)
<(1+K)e+2e=(K+3)e.

(11)

This means that u is a fixed point of the function f.
Furthermore, if v € B(x,, r) with f(v) = v, then

d(v, u) = d(f(v), f () <K d(u, ). (12)

Since K €[0,1), we have d(v,u)=0. This means that
v=u. O

Before we develop Picard’s theorem using Lipschitz in
the small let us consider that for every (x,y), (x,y*) € R?,
the standard/usual metric in R? will bring d((x, ), (x, y*))
< r that is equal with |y —y*| <r.

Definition 9. Let VCR*={(x,y): x,y€R}. A function
f:V— R issaid to be Lipschitz in the small in the second
component on V, if there exists a positive 7 > 0 and K > 0 such
that for every (x, ), (x,y*) € V, |y — y*| <r, we have

fCey) = fley ) <Ky =y7. (13)
Let VS R?={(x,y): x,y € R}. A function f : V — Riis
said to be a contraction in the small in the second component

on V, if there exist a positive r > 0 and K € [0, 1) such that for
every (x,y), (x,y*) € V, |y — y*| < r, we have

fGey) = fl ) <Ky =y7. (14)
In the next discussion, the word domain refers to an open

connected set in R2.
Let consider the initial value problem (IVP)

d
T=fxy),

y(%0) =Yo>

(15)

with f is a continuous real-valued function on a domain.
Picard’s Theorem still holds if the condition of Lipschitz
is replaced by a contraction in the small. The important
thing in the proof is in choosing the value of « > 0 such that
the constructed sequence (¢,) satisfies |¢,,,, (x) — ¢, (x)| <1,

for every |x — x,| < « and for every n. In the discussion, the
function f is a nonzero function on the domain.

Theorem 10. Let D € R? be a domain, (x,, y,) be an interior
point of D, and f : D — R. If the function f is continuous
on D and satisfies the contraction in the small in the second
component on D, then there exist a positive & and a unique
function

¢:[xg-ax,+a] —R, (16)

such that ¢ is a solution of the initial value problem in (15) on
[xg — o, x, + a.

Proof. Since (x,, ¥,) is an interior point of D, there exist pos-
itive numbers a, b € R such that

E={(xy)eR*: [x—xo|<a,|y—y|<blcD. (17

Since f is continuous on E and E is compact, then |f]
attains its maximum. Put M =max {|f(x,y)|: (x,y) € E}.
Since f is a contraction in the small in the second compo-
nent on D, there exist an r >0 and K € [0, 1) such that for
every (x,¥), (x,y*) € D, d((x, ), (x,y*)) <r, we have

[fGey) = fey ) <Kly =y (18)

Put a =min {a, b/(b+ M), r/M, r*/(r + 1)K}.
Let us define ¢(x,) =y, and

¢n(x)=y0+[ flt ¢, (t)dt, x € [xy—a,xy+a], forn=1,2,3,---.

0 (19)

By using the induction method, it can be proven that for
every |x —x,| < &, we have

(i>|¢,,<xo)—yo\s[ (6 (D) <M|x—x,| <Mash, forn=1,2,-,

(20)

K“M\x*xol"“ <b (K |x = x])"

D) < o for every n.

(21)

From (20) and by considering that K € [0,1) and a < 1,
by using the induction method, we can deduce that for every
|x = x,| < & and for every n,

(i) |41 () = @, ()] <

K" M|x — x,|""!
< 7 OF

<Mao" < Ma<r.
(n+1)!

(22)



Let us consider that

"X

f(t do(t))|dt < M |x — X,

Xo

|61(x) = ¢o(x)] =

X

(8 64(6) = £t o0t
. (23)

X

K‘ﬁbl(t) _¢o(t)|dt

|$,(x) — ¢, (x)] <

IN

J Xy
X

IN

1
KM |t - xo|dt = KM E|x—x0|2.

Xo
Let assume the formula is held for n=m, i.e,

- KmM|x_x0|m+1
(m+1)!

Therefore,

|¢m+2(x) - ¢m+1(x)|
sj (b Bt (8)) — £ (8§, (1))t

X KmM|t—x |m+1
<| K|g,., ()¢ (t)dtSJ K—— %
“ | m+1 m | “ (ﬂ’l+l)'

KmM|x_xO|m+2 ~ Km+1 M|x_xo‘m+2

K T T (me2)

dt

(25)

The induction method gives the formula which holds for
every .
Moreover, for every |x — x,| < « and for every n,

K'M|x - n+l Klx — n Ka)"
16, (x) = b, (x)] < (J’:I;C!ol <! Ixn!xol) Sb(ﬂ":) .
(26)

Therefore,
(o) =901 = Y0121~ )| 2 00 < 5 B

(27)

Since the series Yoo (Ka)"/n! is convergent, via the
Weierstrass M-test, then the sequence (¢,) converges uni-
formly to a function, say ¢, on [x, — &, x, + a].

Since (¢,) converges uniformly to ¢ on [x, — a, x, + ],
and for every n, ¢, is continuous on [x, — a, x, + ], and
the function ¢is continuous on [x, — a,x, + ]. Further-
more,

Jim [“g,0ae= [ tim g, 0de (29)
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Therefore, for every x € [x, — a, x, + a],

X

86) = Jim 4., =y, + lim [ (t,9,(0)ds

. . (29)
=y | Jim f(e.6,(0)dt.
This means that
B(x) =y, + j F(t $()de, (30)

Xo

for every x € [x, — a, x, + a.

Since f is continuous, then ¢ is differentiable on
[xo — o, xo + ]

Moreover, ¢(x,) = y,. This means that ¢ is a solution of
the IVP (15) on [x, — o, xo + o]

Uniqueness. Let ¢ and y be two solutions of the IVP (15)
on [x, — o, xo + o],

X

9(x) =y, + j £t 9()dt,

X0

X

W) = 9(x) =y + j Flty()ds

%o
for every x € [x, — &, x, + a].
X

fo<t,¢<t>>dt—j F(tw(t))dt

o %o

[9(x) —w(x)| =

: (32)
< | Krow) -yoa

%o

By using Gronwall’s inequality with g(x) = [¢(x) — y(x)|
and h(x) =K for every x € [xy, x, + &, we get 0<|¢(x) -
w(x)] <0. This means that ¢(x)=w(x) for every x € [x,,
X+ a. O

Similarly, for x € [x, — o, x],we get ¢(x) = w(x) for every
X € [xy — &, xp). Therefore, we have ¥ =¢ on [x, — a, x, + a.

Remark 11. Theorem 10 still holds if the condition contrac-
tion in the small in the second component on D is replaced
by the contraction in the small.

The «a in Theorem 10 may be extended as stated in The-
orem 12.

Theorem 12. Let a,be R and D={(x,y) e R? :a<x<b,
yeR}. If (xp,y,) is an interior point of D and f : D —
R is a continuous function on D and satisfies the contrac-
tion in the small in the second component on D, then there
exists a unique function ¢ as a solution of the initial value
problem in (15) on (a, b). Moreover, if a=—00 and b= oo,
then the unique solution ¢ of the initial value problem in
(15) exists on (—00, 00).
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Proof. From Theorem 10, there exist an a,>0 and a
unique solution ¢, of the initial value problem in (15)
on [x, — o, Xy + o).

(i) Put x; =x, — a and y, = @ (xy — ). It is clear that
(x1,y,) is an interior point of D. By Theorem 10,
there exist an «; >0 and a unique solution ¢, on
[x — @y — a;, Xy — ;] of the initial value problem

(33)

(ii) Put x, =xy + &y and y, = ¢, (x, + o). It is clear that
(%5, y,) is an interior point of D. Based on Theorem
10, there exist an &, > 0 and a unique solution ¢, on
[xo + > Xy + @ + a,] of the initial value problem

d
T=fy),

y(x3) =¥,

(34)

Continuing the process, we have a; >0, k€ N, x,;,, =
Xopoy + Wopp> Xop = X1y + Op(gr)s k=1,2,3, -+, and

(i) a unique solution ¢, on [x, — &y — &y, xy — o)

(ii) unique solutions ¢,, on [x, + Zf:ol“zp X+ Zfzooczl»],
keN

k k-1
(iii) @y, ON [xg = &g = Yisg@aiers X + &g + Xilg Wairy > K
€N

As a corollary, we have a unique solution ¢, where

Po(x), X € [xg — o, X + tg),
Pi(x), x€[xg g -, X — &),
k-1 k
o(x) =< pyu(x), x€ |:x0 + Z Ay X + Z otzl}, for some k € N,
i=0 i=0
k k-1
Qo (%), x€ |:x0 -y - Z“zm’xo +ay+ z a2i+]:|, forsomek € N,
i=0 i=0
(%) = yo-
(35)
For every k=1,2,3, -,
k k
Xo — & — Z“Zi—l’xo +ap + zo‘zi
i=1 i=1
36
k+1 k+1 ( )
C [xg— 0y — Z(le-_l,xo+oc0+ Z(le- .
i=1 i=1
Let a; = x,,_, and b, =x,;, k=1,2,3,---. We have
lim a,=a, lim b, =b. (37)
k—00 k—00

O

3. Concluding Remarks

Theorem 8 has given a fixed-point theorem involving a contrac-
tion in the small. The proof of the developed Picard’s Theorem
has been provided in Theorem 10 by constructing a sequence of
functions as in Picard approximation. The key is to have an «
such that the contraction condition still holds for every n,
4,1 (x) =, (x)| <1, for every x € [xy— a, x, + «].
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